We propose the distributions of the conductance parametric derivatives as statistical measures to study the conductance fluctuations at the Coulomb blockade regime. We assume the electronic dynamics of the dot to be chaotic and model its Hamiltonian by random matrices. For the unitary case, we obtain the universal distribution of conductance slopes at peak heights analytically. Other distributions are obtained numerically. Our theoretical results can be verified with the available experimental data, providing additional insight into the validity of the single-particle theory for the Coulomb blockade regime.
We propose the distributions of the conductance parametric derivatives as statistical measures to study the conductance fluctuations at the Coulomb blockade regime. We assume the electronic dynamics of the dot to be chaotic and model its Hamiltonian by random matrices. For the unitary case, we obtain the universal distribution of conductance slopes at peak heights analytically. Other distributions are obtained numerically. Our theoretical results can be verified with the available experimental data, providing additional insight into the validity of the single-particle theory for the Coulomb blockade regime.
At low temperatures, transport through confined microstructures, or quantum dots, exhibits universal features which were predicted in several theoretical works [1] [2] [3] [4] [5] and related to the electronic underlying classical chaotic dynamics. These studies calculate the conductance distribution of peak heights describing the electrons in the quantum dot by the constant interaction plus random matrix theory 6 ͑RMT͒ for the independent particle motion. In 1996, two experiments 7, 8 performed in the regime where the quantum dot temperature k B T is much smaller than its mean level spacing ⌬, confirmed the random matrix predictions. A second generation of experiments 9 made it possible to measure the distribution of conductance peak spacings. Such data seem to be at odds with RMT, indicating that electron-electron interactions are important in order to explain the peak spacing fluctuations.
The statistical model also predicts universal parametric correlations for single-particle wave functions, 10,11 which should be manifest in the conductance. Reference 8 reports on parametric results obtained by measuring the conductance peaks as a function of an applied magnetic field in the regime where time-reversal symmetry is absent. The observed peak height conductance autocorrelation length B c , 8 differs from the semiclassical theoretical prediction by a factor of 3. 12 It is possible that the source of this discrepancy is due to interaction effects, but since the semiclassical estimate depends on the potential experienced by the electrons, an accurate prediction requires a precise knowledge of the dot shape. Semiclassically, B c depends on the typical magnetic flux accumulated by a single particle trajectory as a function of time. In very concave structures, the flux is accumulated slowly and B c becomes larger. ͑This was experimentally observed in open quantum dots. 13 ͒ Since the structure of Ref. 8 is more concave than the theoretically investigated ones, 12, 14 differences are expected.
These facts call for additional studies to determine the validity range of the ͑parametric͒ single-particle theory. Furthermore, recent results 15 showing that integrable systems can also display a RMT-like conductance peak heights distribution also call for a more stringent statistical check of the theory. This is the purpose of the present work.
Inspired by several papers on the distribution of curvatures of energy levels, 16, 17 we propose the study of slopes and curvatures of conductance peak heights, dG/dX and d 2 G/dX 2 , as a characterization of mesoscopic fluctuations. Here X can denote either a magnetic field strength or a particular dot shape. Although the distribution of slopes was recently studied for open systems 18 and also successfully measured, 19 no such study was devoted to the Coulomb blockade regime. Based on the chaotic nature of the wave functions, we first calculate universal distributions of peak height derivatives using random matrix theory. We then discuss the connection with experiments, showing how our results can be used as a stringent consistency test of the random matrix single-particle theory.
The conductance peaks in the Coulomb blockade regime are determined by the dot temperature, its level density, and the coupling between the dot electronic eigenstates and the ones of the leads. For a two leads geometry, with contacts attached at the dot ''right'' ͑R͒ and ''left'' ͑L͒ sides, the coupling is quantified by the decay widths ⌫ R and ⌫ L for an electron to tunnel from the dot into the R and L lead, respectively. The R-matrix formalism relates the wave functions of the resonances inside the quantum dot with the amplitudes of the wave function in the leads. For simplicity, we consider only leads with a single propagating mode. Thus,
where (r) is the th resonance wave function inside the dot, R(L) (r) is the wave function in the lead L(R), and the integral is taken over the contact region between the leads and the electronic cavity. The above expression is correct up to a penetration factor which affects the average value of the decay widths, and depends very smoothly on . 4 The standard expression for the conductance at the peak height G , valid when ⌫ Ӷk B TӶ⌬ is as follows: 
where ⌳ comes from first order perturbation theory on the resonant wave functions and reads
For simplicity, we take the derivatives at Xϭ0. In this convention, U is just the perturbation term, ͕ ͖ are the eigenenergies of H 0 , and ͕␥ ͖ are calculated from the eigenfunctions of H 0 . Equations ͑1͒ to ͑3͒ give an exact expression for the parametric conductance peak height slopes D ϵd␣ /dX, namely
In a similar manner, going to second order perturbation, one can obtain an equation for the peak height curvature C ϵd 2 ␣ /dX 2 . If one assumes that the classical electronic dynamics in the interior of the dot is chaotic, which may be due to its geometry or to weak impurities, it is expected that its spectral fluctuations are described by the random matrix theory ͑RMT͒. In the case where the system presents time-reversal symmetry, the appropriate ensemble has orthogonal symmetry, and is called Gaussian orthogonal ensemble ͑GOE, ␤ ϭ1). When time-reversal symmetry is absent, one uses the Gaussian unitary ensemble ͑GUE, ␤ϭ2). For technical reasons we shall only present analytical results for the unitary case, restricting the discussion of the orthogonal case to numerical simulations.
The probability distribution of parametric conductance slopes P ␤ϭ2 (D) is determined by the average
where ⌬ϭ1/(0) is the mean level spacing at the center of the band and ͗•••͘ stands for the ensemble average over H 0 and U. The ensemble average is performed in the usual way, considering the distribution of H 0 and U:
where C N is a normalization factor. The value of is determined by ⌬ϭ/N. The average over U is straightforward, since the ⌳'s are linearly dependent on the matrix elements of U. The computation of the ensemble average over H 0 is more difficult, involving averages of combinations of partial decay amplitudes (␥ and ␥ ) and eigenvalues ͑in the form of Ϫ ). Recalling that
the average over ͕␥ ͖ ( ) can be carried out without difficulties. After some algebra we write
, the average over ͕ ͖ can be written in terms of a spectral determinant
The latter average is nontrivial, and is a particular case of a result obtained by Andreev 24 for ␤ϭ2. Unfortunately, it is also hard to obtain an answer for ␤ϭ1 with this method. Collecting the results of Eqs. ͑8͒ to ͑10͒, and averaging over ⌫ R(L) , we arrive at
where xϭ⌫ R /͗⌫͘, yϭ⌫ L /͗⌫͘, and d is the scaled conductance peak height slope, namely dϭD/(ͱC v (0)͗⌫͘). Equation ͑11͒ can be further reduced to a single integral involving where E is the complete elliptical integral of the second kind. We now turn to the description of our numerical findings. The set of eigenenergies and eigenfunctions of the random parametric Hermitian Hamiltonian can be conveniently obtained from H(X)ϭH 0 cos XϩU sin X, where H 0 and U are independent NϫN matrices (Nϭ300 in our calculations͒ belonging to the proper Gaussian ensemble. 25 For each realization of H 0 and U, the matrix H(X) was diagonalized through standard methods. Only the 75 central eigenvalues were kept after each diagonalization. This was done in order to avoid large density variations in the spectra and the consequent need for unfolding. The resulting eigenfunctions ͕ (n;X)͖ were used to generate the right and left tunneling rates according to the point contact approximation ⌫ R (X) ϰ͉ (nϭ1;X)͉ 2 and ⌫ L (X)ϰ͉ (nϭN;X)͉ 2 , and the dimensionless conductance peak height ␣ (X). The numerical computation of D and C , for a given realization of H 0 and U, requires the evaluation of ␣ (X) only at two (Xϭ Ϯ␦X) and three points (Xϭ0 and XϭϮ␦X), respectively.
We took ␦XӶ1/ͱC(0) to assure acuracy in the differentiation procedure. Figure 1͑a͒ shows a comparison between our numerical simulation and the analytical expression for the P ␤ϭ2 (d), after scaling D. The agreement provides a check for both calculations. In Fig. 1͑b͒ we present our numerical results for the orthogonal case. The two distributions, P ␤ϭ1 (d) and P ␤ϭ2 (d), differ appreciably from each other. The insets of Fig. 1 show the asymptotic power-law behavior for dӷ1 of the conductance slope distributions. For the unitary case, the d Ϫ4 power law is readily obtained from Eq. ͑11͒ and by inspection of the function B(s). However, there is a much simpler way to arrive at Eq. ͑13͒. The argument is similar to the one used for the asymptotics of the energy curvature distribution. 17 Examining Eq. ͑3͒, we observe that large parametric conductance peak height slopes occur whenever the spacing s ͑measured in units of ⌬) between and one of its neighboring levels becomes very small, namely for dӷ1, dϳ1/s. For sӶ1, the nearest spacing distribution is P ␤ (s) ϳs ␤ . Then, Figure 2 shows the distribution of conductance curvatures at the peak heights, P ␤ (c). We scale the curvature as c ϭC/͓͗⌫͘C v (0)͔. The asymptotic tails of P ␤ (c) are shown in the insets of Fig. 2 . In this case, second order perturbation theory for the decay rates shows that the limit of cӷ1 is dominated by terms proportional to ⌳ 2 , and consequently, cϳ1/s 2 . Thus,
which is in good agreement with the numerical simulations, as indicated in Fig. 2 . Albeit providing a nice fingerprint for the proposed universal statistical measures, tails of distributions are always very hard to test experimentally since they require exceedingly good statistics. With this proviso in mind, we also calculate the moments of the distributions, which could be a more efficient test. The results of our numerical simulations for the unitary case agree within 1% for ͉͗d͉͘ and ͗d 2 ͘. The orthogonal symmetry leads to ͉͗d͉͘ ␤ϭ1 Ϸ0.7772 and ͗d 2 ͘ ␤ϭ1 Ϸ2.683.
We now discuss the connection of our findings with the experiment. First, the nonuniversal scales ͗⌫͘ and ͱC v (0) have to be determined. From the distribution of the peak heights one can obtain ͗⌫͘, recalling that ͗␣͘ϭ(␤ϩ2)/12.
The peak height autocorrelation function, measured in Ref.
8, allows the determination of ͱC v (0), recalling that the 
